LINEAR EQUATIONS WITH UNSYMMETRIC SYSTEMS OF
COEFFICIENTS*

BY

A. J. PELL

In two previous paperst we have considered cases of integral equations

M) = [ K, 0e0a,

with unsymmetric kernel K (s, ¢), which have real characteristic functions,
in terms of which [, /oK (s, t)f(s)g(t)dsdt may be expanded. In this
paper we consider the corresponding theory for linear equations in infinitely
many unknowns, which includes the theory of integral equations as a special
case. The method is the same as that used by us for integral equations,
reduction, by means of a biorthogonal system, to a system of linear equations
with a limited symmetric matrix of coefficients. We find in Section 4 that,
for a limited matrix 4, a necessary and sufficient condition for the existence
of real characteristic forms of the equations

N = 2 aul, J Np: = 3 aq Apu,
x A k

which form a complete system with limited linear forms F;(z) such that
AF;(x) = 0, or in terms of which 4 (z, y) may be expanded, is the existence
of a positive definite, symmetric, and limited matrix T such that AT is sym-
metric. The condition obtained by us on the kernel K (s,t) for integral
equations, is that there exist a functional transformationi 7T such that
Ts K (s,t) is symmetric. This functional transformation differs only slightly
from the one, which by the Riesz-Fischer theorem corresponds to the matrix T,
the additional restriction being that it transform every continuous function
into a continuous function.

* Presented to the Society, September, 1910.

fBulletin of the American Mathematical Society, July, 1910,
pp. 513-515, and these Transactions, vol. 12, pp. 165-180.

1 J. Marty obtained necessary and sufficient conditions for the problem in integral equations,
expressed in terms of a special functional transformation T (f) = [, ﬁ k(s, t)f(t)dt,
Comptes Rendus, April, 1910, and June, 1910.
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Section 3 deals with properties of biorthogonal systems of linear forms and
linear differential forms.

1. NoTATION

We confine our attention to real constants and real functions of real variables.

If the range of a variable is that of a sequence, finite or infinite, it is indicated
by the subscripts 7, 7, k, 1, m, a,and 8. Similarly, constants and functions
with these subscripts denote sequences, finite or infinite, of the constants and
functions.

The coefficients in the linear form F () of the variables { x; } are denoted
by the corresponding small letters f;, thus

F(z) = ;fixz\

The increment of a continuous function f(\) for an interval A = (A, N\2)
is denoted by Af (A) = f(N2) —f(\1). If A; and A, are two intervals of A
then A;o f (M) is the increment of f(A) in the interval common to A; and A,
if they overlap, and is zero if they do not overlap.

Matrices are denoted by capital letters. The elements of a matrix 4 are
denoted by the corresponding small letters a; and we write 4 = (aw).
The elements of the matrix A’ are a;, = a;;. The corresponding quadratic
and bilinear forms in the variables { ; } and { y; } are denoted by 4 (z, )
and 4 (z, y) respectively.

The unit matrix is denoted by E

_{1 i=k,
¢ =10 ¢4 k.

If F(z) and G (x) are two linear forms, the symbol (F, G) denotes the
following operation
(F,G) = iZfigi-

For the matrices 4 and B we write
AB = (jz (23] bjk) .
The transformation of a linear form F (z) by a matrix A4 is expressed by

AF (z) = ; (; ai; fi) @i

2. DEFINITIONS AND GENERAL PROPERTIES OF LINEAR FORMS AND MATRICES

Limited linear forms. If for a sequence { ¢; } the sum X ;c? converges,
it is called the norm of {¢;}. and the sequence is of finite norm. A linear
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form F () is limited, if there exists a quantity M such that for every sequence
{ 2; } of finite norm, and for every =,

éM\/Zxﬁ.
i=1

Z} fixs
i= i
(A) A linear form F (a) is limited,* when and only when the coefficients
{fi} are of finite norm, and for two limited linear forms F (x) and G (z),
(F, G) converges.
If (F,G) =0, the two linear forms F (x) and G () are orthogonal.

Limited matrices. A matrix 4 and the corresponding quadratic and bi-
linear forms are limited , if there exists a positive quantity M such that for all
sequences { x; } and { y; } of finite norm, and for every n,

> e = M\/Zx?\/Zyﬁ.
i, k=1 | i=1 =1

(B) If for every limited linear form F (z), the linear form AF () is also
limited, the matrix A4 is limited.}
(C) If 4 is a limited matrix,} and the sequences { z;} and { y; } are of

finite norm,
Z: (Xk:aikxiyk) = zL: (;aikxiyk).

(D) If A and B are limited matrices,§ the matrix AB exists and is
limited. A system of linear forms { L;(z)} forms an orthogonal system if
. (Li’ Lk) = €ik.

(E) The matrix L corresponding to an orthogonal| system of limited linear
forms L; (z) is limited.

(F) If A, are limited matrices such that |4, (z, y)|= M X;a?, where
M is independent of n, and if lim a{? = @i, then A4 is a limited matrix
and |4 (z,2)|= MX; 2.

A matrix B is the front reciprocal of the matrix 4 if AB = E and the rear
reciprocal of A if BA = E.

* Hilbert, Grundziige einer allgemeinen Theorie der Integralgleichungen, p. 126.

t Hellinger and Toeplitz, Theoric der unendlichen Matrizen, § 10, Mathematische
Annalen, vol. 69, 1910. See also E. Schmidt, Ueber die Auflisung linearer Gleichungen
mit unendlichvielen Unbekannien, Rendiconti del Circolo Matematico di
Palermo, t. 25, 1908, p. 54.

{ Hilbert, 1. c., p. 120.

§ Hilbert, 1. c., pp. 128-129.

|| Hilbert, 1. c., p. 130.

9 Riesz, Les systémes d’équalions linéaires d une infinité d’inconnues, p. 106.
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Stieltjes integral.* Let f(z) be a continuous function of limited variation
in the interval (@, b), and let the interval be divided into subintervals
A; = (Ni, Miy1) by the points Ng = @, Ny, -+, N\—1, An = b, In such a way
that A; approaches zero as n increases, and let u; be any value of a continuous
function % (\) in A;, then the sum

S g o)

has a limit, and it is denoted by the Stieltjes integral

[wyzon,

and this integral is a continuous function of the upper limit of integration.

Hellinger integrals. Let f(x) be a continuous function, and fo(\) be a
continuous, monotonic non-decreasing function of A in (a, b), and let f(N\)
be constant in every interval of (a, b) in which fo (\) is constant. Divide
(a, b) into n subintervals A; = (A;, Niy1) by the points, Ao = a, Ny, ---
Mi—1, An = b, in such a way that A, approaches zero, then the sum

o~ (Aif(N))?
izt Aifo(N)

has a limit, and it is denoted by the Hellinger integral

" (df (N\))?
a dfO(x) )

A sufficient condition that the Hellinger integral exist is that (Af)2=AkAfo,
where & (M) is a continuous, monotonic non-decreasing function in A. If the
integral with the upper limit X\ is called £ (\), then k(N) is a continuous,

monotonic function, and
1 (Af)? = AR Afo,

and hence f(\) is a function of limited variation.

The system of functions {f®} is integrable H (f{) on an interval (a, b),
if f@® are continuous functions, fi* are continuous, monotonic non-decreasing
functions of \ in the interval (a,b), if theintegrals f5(df® )?/df” exist,t and
converges.

the sum I
(@
[

* The statements concerning Stieltjes and Hellinger integrals are results taken from
Hellinger, Neue Begriindung der Theorie quadratischer Formen von unendlichvielen Verdnder-
lichen, Journal fiir Mathematik, vol. 136, pp. 234-242, or are easily derived
from them.

t The argument in the integral is omitted whenever there is no ambiguity.

b
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If f(N\) and f; (N) are both integrable H (f,) on the interval (a, b), and
u; is the value of a continuous function % (\) at some point in A;, the sum

has a limit, and it is denoted by
R
dfo

Linear differential forms. If f,- (N) are continuous functions in the interval
(a, b), the system of linear form AF (\; 2) = 2; Af; (N\)a; for all possible
subintervals A of (a, b), forms a system of linear differential forms, for
which we use the symbol dF (\; ) = X, df;(N)x;, and denote the matrix
of coefficients Af; (N\) by dF.

The linear differential forms dF (\; x) are limited, if the functions are con-
tinuous in the interval (a, b), and if the norm f, (\) is continuous in (a, b).

Given a system of limited linear differential forms {dF® (\; x)} and an
interval (a, b); {dF®} is limited with respect to {f*}, if f are con-
tinuous, monotonic non-decreasing functions in (a, b), if {dF® (X\; z)} is
integrable H (f{’), and if there exists a quantity M such that for every
sequence { x; } of finite norm

(dF@™ (\; x))? .
f TPy =M

(G) If {f®}is integrable H (f{°) and if { dF® } is limited with respect
to { f } for an interval (a, b), then

b dF@ A; df® (\ bd (a)d (a)
@ I[N e (2 M),

and is a limited linear form. If { dG (\; )} is also a system of differential
forms, limited with respect to { f{’ }, and » (\) is a continuous function,

AR (8 2) G (\; y) e de
Zf w ) P T =Z“’"(f“ fdf(“{ )

and is a limited bilinear form.

A system consisting* of limited linear forms { L;(x)}, and limited linear
differential forms { dP® (\; )}, for an interval (a, b), forms a normalized
orthogonal system with basts functions { pi® (N) }, if

- (Lzy Lk) = Cik,

* It is to be understood throughout this paper, that in a system consisting of linear forms
{Li (x)}, and linear differential forms { d/’(@) (X ; z )}, either ali the L; (z) or all the
dP(@) (x; ) may be zero.
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if for any two intervals A; and A; of (a, b)

AppP(N\) a =8,
(@ 8)) —
(3) (AIP ’A2P ) 0 a#B;
and if for any interval A of (a, b)

(L;, AP®) = 0.

Since the relation (3) involves only the increments of p{ (\) we assume
for an orthogonal system that p®(X\o) = 0 for some point N of (a, b).
It follows that

T @O A=k >0,
(a) >‘) =
O s @ron a-n<o,
and the p{ (\) are continuous, monotonic non-decreasing functions of \.
The orthogonal relation (3) is equivalent* to
b df(a) df(lu)
df @ dp® [t dFE dp® f e o= B8,
4 Ef do® dp® =1 0
i a po a pl)
0 a3,

where { f® } and { f{*} are any functions integrable H (p{®).

(H) An orthogonalf system of linear differential forms {dP® (\; z)}
with basis functions { p{® } for an interval (a, b), is limited with respect to
{p®}.

In conformity with the notation for the composition of two matrices, both
of whose arguments have the range of a sequence, we adopt the following
notation, when there is no ambiguity about the basis functions { f{},

b J£(a) a)
Y e A {7
a a 1)

according as there is, or is not any ambiguity about the limits of integration.
The product of the matrix above with a matrix 4 = (a.) is indicated by

b 7c0a) 3 (a)
(Z%‘(Zf dféf((f;qk ))=AF’GZ’,=AF’G,
J a Ja 0

b 1£@ @
(E(Zf df(}gf]’)a,-k)=F'G£A=F'GA.
J a Vg fo

A system of linear forms is complete if there exists no limited linear form
orthogonal to all the forms of the system.

and

* Hellinger, 1. c., p. 250.
t Hellinger, 1. c., pp. 248 and 251.
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If the orthogonal system consisting of the linear forms { L; ()}, and the
linear differential forms { dP® (N, )} with the basis functions { p{” ()}
for the interval (a, b), is complete, then

L'L+ P'P =E.

Linear equations with symmetric systems of coefficients.
A characteristic linear form of the system of equations

(5) N = Zk: aix bk,

where the matrix 4 of coefficients is limited, is a limited linear form L (z)
not identically zero, whose coefficients I/; for some value of N, called char-
acteristic number, satisfy the equations (5).

The characteristic numbers form the point spectrum.

A system of characteristic linear differential forms for an interval (a, b)
of the equations

®) f Mpi(N) = 3o A V),

where the matrix 4 of coefficients is limited, is a system of linear differential
forms { dP (X ; z)} not identically zero, limited with respect to a continuous,
monotonic non-decreasing function po(A), and such that the equations (6)
are satisfied for every subinterval A of (a, b).

The intervals of A\, for which characteristic linear differential forms exist,
form the continuous spectrum.

(I) If 4 is a limited symmetric* matrix, there exists a spectrum associated
with it, which lies within a finite interval of the N-axis. The characteristic
linear forms { L;(x)}, corresponding to the characteristic numbers {A;},
and the characteristic linear differential forms { dP® (X ; )} corresponding
to the continuous spectrum (a, b), form an orthogonalt system for (a, ),
and the basis functions are given by

@) A>0,

— 2 (PPN A<0

i

PPN =

under the assumption that p; (0) = 0. For sequences {z;} and {y:}
of finite norm,

b dP@(\;z)dP®(N\;y)
M Azy) = INLE L) + T [ 1 S E e,
% a a Po ( )
* Hilbert, 1. ¢., Kap. 11, and Hellinger, 1. c., pp. 210-271.
t The argument given by Hellinger, 1. c., pp. 244-246, for the orthogonality covers only
the case in which the spectrum is positive; it can however be extended to cover the general case.
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A limited symmetric matrix A is posttive if for every sequence of finite norm

Zaikxixk =0,
i, k

the equality sign holding only for >y a;x2x =0, 2 = 1,2, ---; and positive
definite, if the equality sign holds only for x; = 0,2 =1,2, ---.

(J) For a positive symmetric limited matrix of coefficients the spectrum
contains no points to the left of the origin.

A function F () of the variables { x; } of finite norm is completely continuous
if
li_m F(x; + €’) = F(x;),

whenever
lim € = 0 (6=1,2,--).
(K) For a completely continuous* quadratic form A4 (x, z), there exist
no characteristic linear differential forms of the equations (6), and if for a
value of \ there exists a characteristic linear form of (5), then there exists a
characteristic linear form for the same value of N of the adjoint system of

equations
)li = Z Qs [k .
k

(L) A quadratic form 4 (x, z) is completely continuoust if 3=; xa?, con-
verges; also if 4 = BC, where B (z, z) is limited and C (x, «) is completely
continuous.

3. BIORTHOGONAL SYSTEMS

Two finite or infinite systems of limited linear forms { U;(x) } and { V;(x)}

form a biorthogonal system if

(‘Ui.- Vi) = ei.

This condition could be written
Uv' = E,

which expresses that U is the rear reciprocal of V’. In a biorthogonal system
of limited linear forms { U,(xz)} and { V.(xz)} each system is linearly
independent, and the rows of the matrices U and V are of finite norm (A § 2),
although the columns may not be. The matrices may both be limited, or
both unlimited, or one may be limited and the other unlimited.

TueoreM 1. If T is a limited, positive, symmetric matrix, not vdentically
zero, there exists a biorthogonal system, finite or infinite, of limited linear forms
{U:(x)} and { Vi(x)}, for which the matrix V is limited, and

Vi(x)= TU,(x), T=VV'.

* Hilbert, L. c., pp. 165-170.
1 Hilbert, 1. c., pp. 150 and 176.



1919] LINEAR EQUATIONS 31

Let {fi(x)} be a system of linearly independent limited linear forms,
such that TF; + 0 and either the system is complete or forms a complete
system together with limited linear forms { F;(z)}, such that TF;(z) = 0
and which form a linearly independent system together with the { F;(x)}.
For example let F;(z) = T;(x), omitting those T;(z) which are linearly
dependent on a finite number of the preceding. Then the system

Gi(z) = TF:(x)

is linearly independent. The biorthogonal system is constructed as follows

Fy (=) Fy(z) -+ Fi(z)
(F1,G1) (F2;G1) (Fn G'1)
. _ (FI’ 1—1) (F2, z—l) (Fn Gt—l) ,
U’o(x) - '—Ki_],Ki
G (=) G () -+ Gi(=)
(G1,F1) (Ge, Fr) -+ (Gi, Fr)
. _ (Gly 1—1) (G2) F‘b——l) (Gi’ Ft—l) s
Vi) = VK K
where
(F1, G1) (Fe,Gy) -+ (Fi, Gy)
K, = (FI: Gz) (Fz, Gz) (Fz; Gz) .
(Fl,G) (Fz,G) (FuG)

That the matrix V is limited, follows from the substitution of
Fe) = H() = 3 U (@) (75, ),
where H () is any limited linear form, in (F, TF) = 0. We obtain
kZ:(Vk,H)zé (H,TH).

Since T' is limited it follows from B §2 that V' is limited. It can be seen
directly from the construction that V; (x)=TU;(z), and hence (V;, F) =0
To prove the last part of the theorem,let V'V — T = R. Then RU;(z) =0,
and also RF;(z) = 0. Since { u; ()} and { F;(z)} form a complete system
if { F;(z)}and { Fi(z)}do,R=0and V'V = T.

The limited linear forms {U;(x)} and { V;(x)}, and the limited linear
differential forms {d@Q® (N; )} and { dR® (\; x)} form a biorthogonal
system with the basis functions { v } for an interval (a, b) if the functions

{ 1@} are continuous, monotonic non-decreasing in (a, b); if
Trans. Am. Math. Soc. 3
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(Ui, Vi) = €ir;
if for any two intervals A; and A, of (a, b)

A12 T&)“) o = ﬁ,
(@ ®)) =
(Al Q ’ A2 R ) 0 a 4: B;
and if for any interval A of (a, b)

(AQ(a): V,) = (AR(A)’ U1) =0.

THEOREM II. If for the biorthogonal system (U;(z), Vi(z),dQ™ (\; ),
dR® (XN ; z)) with basts functions { '} for an interval (a,b), the matriz
V i3 limited, and the matriz { AR } 1is limited with respect to { 1} for the
interval (a, b), there exists a positive, symmetric, and limited matriz T such that

Vi(z) = TU;(x), dR® (N; ) = Td@® (N ; z).
Such a matrix T is given by
T=V'V + RR.

By D and G §2 it is limited; it is obviously positive and symmetric.

TueoreM III. If T is a positive, symmetric, and limited matrix, there exists
a biorthogonal system (U;(zx), Vi(x), dQ“ (N; z), dR® (\; z)) with
basis functions { ¥ } for an interval (a, b), such that the matriz V 1s limited,
the matriz { dR“® } 1s limited with respect to the functions { r®} for the inter-
val (a,b), and.

Vi(z) = TU;(z), dR® (\; ) = TdQ® (\; z), T=V'V+RR.

Let { L;(z) } be the characteristic linear forms associated with the matrix T
and corresponding to the characteristic numbers \;, and {dP® (X\; z)}
the characteristic linear differential forms for the continuous spectrum (@, b),
which form an orthogonal system with basis functions {p{’'} for (a, b)
1§2).

A biorthogonal system satisfying the conditions in the theorem is con-
structed as follows

L;(x)

Us(x) =7=",  Vi(@) = Wl(@), QW(\x) =P a);

(8) A A
R®(\; x) = f NP@ (N; z), rP(\) = f Np (N).

The spectrum is positive (J §2), and hence U;(z) and V;(x) are real.
The matrix V is limited, since L is limited (E § 2) and the characteristic
numbers are finite (I §2). The functions r{ are continuous, monotonic
non-decreasing functions of X in (a, b). If @ £ 0, and {dF®} is limited
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with respect to {p{}, it is limited with respect to {r{®}. The matrix

{dR®} is limited with respect to {r{’} in any case, for, from the inequality
(a) )2 n

(Z P(“)) E)\ (6 P(a.) Z)‘ 511)(0“):

j=

(a) )2
(fxdp(a)) fx (de) f)\d @,

(dR®): _ (> (dP®):
A = f N

if follows that

and

From [, Ndf =\ A; f+ AN(Ff(Niy1) — (X)) where N\; =\ = A\iyy, and
from [, Ndp{® = N\ A; p{, we obtain for a + 0 and for {f} integrable

H (a)
(&) FRPIC b dp® df
fa iy " f dpi

For the case a = 0 and b > € > 0, we define

fb dr® df(a) _ f o) df(a) b dp(a) df a)
b dr® ar® = 0 dp®

We have also

(dR(a) )2 N (dP(a) )2

AP = A dp®

The remainder of the theorem follows from {(5), (6), and (7).

If the matrix T is positive definite, the system {U;(x), dQ® (\; z)} is
complete.

Tueorem IV. If (U:(z), Vi(x), d@® (\; x), dR®(\; z)) is a bi-
orthogonal system with basis functions {1} for an interval (a, b), such that
the matriz V s limited, the matriz {dR} limited with respect to {r’} on
(a, b), and the system (U;(zx), dQ® (N\; x)) complete, then for any sequence
{z:} of finite norm, and for any sequence {y;} such that {U,(y)} is of finite
norm and {Q@® (N\; y) } 1s integrable H (1) on (a,b),

PdR@ (\; dO@ )‘
(11) };xiyi = };Vi(x) Ui(y) +¥f ( d::‘z’(g) { y)

Call the difference between the two sides of (11) F (), and set «; equal to
U;; and also to A¢®. Then by C §2 and (2), (F, U;) =0 = (F, AQ®)

and therefore F(z) = 0.
The relation (11) may hold for other values of {y;} than those stated in
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the theorem; for example, for the biorthogonal system in Theorem III the
relation (11) is true for all sequences {y;} of finite norm, by virtue of (8) and
(10).

If the columns of the matrix U are of finite norm, and if the system of func-
tions { ¢ ()} is integrable H(r{") on (a,b), we may take y; = e;;, and
(11) becomes
(11" V'U+ RQ.= E.

This relation is true for an orthog inal system which is complete, also for the
biorthogonal system (8). If the system consists only of linear forms, (11’)
expresses that U is the front reciprocal of V’. Toeplitz* proved (11’) for the
special case of two matrices which are both limited. That the relation (11’)
is not true for every biorthogonal system of limited linear forms is shown by
the following example

Ui(z) = Lipa(2) — Ly (), Vi(z) = Ly (2),

where { L; (¢)} is a complete orthogonal system of linear forms.

THEOREM V. Let T be a positive definite, symmetric, limited matrix; let
(Ui(z), Vi(z)) form a biorthogonal system of limited linear forms with the
matriz 'V limited, the system { U;(x)} complete, and V;(z) = TU;(z); let
(Ui(x), Vi(zx), dQ™ (N; x), dR™ (N; z)) form a biorthogonal system of
lymated linear forms and linear differential forms with the basis functions { r{ }
for the interval (a, b), V limited, { dR® } limited with respect to { ¥y} on
(a,b), Vi(x) = TU;(x), dR® (\; z) = TdQ™ (N; z) and the system of
{Us(x)} and {dQ“™ (N\; x)} complete, then 2;uijvi; = 2 ;s ur; and
2iarP(N) = ;0 ¢ (N) are the coefficients of a complete orthogonal sys-
tem with the basis functions { v } for the interval (a, b).

The orthogonal property follows from Theorem 4, since

(U, V) (V;, Un) = 2 (Ui, V) (T3, Vi) = (Us, Vi) = ear,

2 (AQ2, V) (V, 8:Q®) = 3 (A, Q®, V;)(U;, A: R®)

A r&)a) a = B’

0 a6,
2 (U, Vi) (Vi, AQ®) = 2 (U, Vi)(U;, AR®) = (U;, AR®) = 0.

= (A Q@®, A,RP) = {

The system is complete, for if C(x) were orthogonal to VU;(z) and
Q(“) (\; 2), then V'C (z) would be orthogonal to U; (2) and dQ® (A; ).

* Dze J acobische Transformation der quadratischen Formen von unendlichvielen Verdnderlichen,
Nachrichten der Kgl. Gesellschaft der Wissenschaften Zu
Gottingen, Math-Phys. Kl., 1907, p. 101.
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4. LINEAR EQUATIONS WITH UNSYMMETRIC SYSTEMS OF COEFFICIENTS

TueoreEM VI. If, for the limited matriz A, there exist for real values of N\
real characteristic linear forms and linear differential forms of the equations (5)
and (6) which form a complete system together with limited linear forms F;(x)
such that AF;(x) = 0, then there exists a positive definite, symmetric, and
limited matriz T such that AT 1is symmetric.

Let { Vi(x)} be the characteristic linear forms for which the matrix V'
may be assumed to be limited, and { dR® (X\; z)} the system of character-
istic linear differential forms for which { dR® } is limited with respect to
{rf"} for the interval (a, b). It is obvious that the matrix F may be
assumed to be limited. The matrix T

T=V'V+FF+RR

is positive definite, symmetric, and limited, and the matrix 47T is symmetric.

TaeoreM VII. If A is a limited matriz, not identically zero, and if there
extsts a posittve definite, symmetric, limited matriz T such that AT vs symmetric,
then there exist real characteristic linear forms and linear differential forms of
the equations (5) and (6), which form a complete system with limited linear
forms F;(x) such that AF;(x) = 0.

Corresponding to the matrix T' there exists by Theorem I a biorthogonal
system of limited linear forms {U;(z)} and { V;(x), with the matrix V
limited, { U;(z)} complete, and V;(z) = TU;(z). The matrix

B =UAV
exists and is symmetric. To show that it is limited we introduce the bi-
orthogonal system (U;(x), V(z),dQ“ (N; ), dR® (\; z)) defined by
(8). Let Iy = X; ;v and pP(N) = X, iis; ¥ (N), then by E and H § 2
and Theorem V the matrix L is limited and { dP® } is limited with respect
to { %"} on (a,b). Applying relation (11) we obtain

U=UL+QP, V=VL+RP.
Substitute these expressions in the elements of B, and, since the summation
signs may be interchanged on account of the form of U and V, we obtain
B =UAV' = I’(UAV'L) + L(UAR'P) + P'QAV'L + P'QAR'P.

It is easy to see that B is limited if zero is not a limiting point of the point
spectrum and does not belong to the continuous spectrum, for then the matrix
U is limited, and the matrix { dQ } is limited with respect to { P } .

The first term of B is a limited matrix if the matrix B = UAV" is limited.
The following argument shows that B is limited in any case. The maximum



36 A. J. PELL [January

value of | X450 b @i x| for 2iZ7 2 = 1, is equal to the absolute value of

that characteristic number which is largest in absolute value and satisfies

)\(”)Zi=2('\b\ ElzJaJllklm>zk (i=1;2,"':n)-

=1 I

We may assume that 2i=t\, 2} = 1, and hence

)\(") :21 Z lu aji lkz) \[— 2 W/_—k 2k .
%, k= gl

Since the matrix LAL’ is limited (D and E § 2), [\®| = M for au values
of n, and the matrix B is limited.

If C denotes the second term, C’ denotes the third term. If zero is not a
limiting point of the point spectrum, C is obviously limited, and hence also
C’. 1If zero does not belong to the continuous spectrum, (’ is limited, and
hence C is also limited. To consider the remaining case, let

C© = I'(UAR'P?),
where b > € > 0, and construct C© €9’ which may be expressed as follows
C© 0 = [YUAR'P: P'Q AV'L.

From the orthogonal property (4) of { dP® (\; z)}, and results obtained
in proving the first term limited, it follows that

|C© O (2, 2)| = M?,

and since lim,—, %% = Ci;, the matrices C and C’ are limited (F § 2) in all
cases.

The fourth term of by is limited if zero does not belong to the continuous
spectrum. In case it does, let € and e be positive and less than b; divide
(e, b) into n subintervals A; and (e, b) into n subintervals A;. Let

A, DS A (a) i A B A B
d(n.n) ZZ._.__p = _._Z a;i Sm T m Pk’

aj m=1 (“) LB mel Ay P
“ A, o) Am g Ay PP
= Z TTA @ (a) Zafﬂ Z A "(p')‘_ )
a,j m=1 m r0

then D™ ™ (z, ) is completely continuous (L § 2) for each value of n and 7,
since it is composed of a limited form A4 (x, ) and completely continuous
forms (L § 2); but D™® is not symmetric for n and 7 are not equal. Form

<8

A, B¢ A As ,(B) A—
Z d(n ) d(n n — Z Z p (u) qj lZan Z A ,.(B)p’~ ’

a,j m=1 =1
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where |4 (z,z)|= M2X;2! and M is independent of 7. The maximum
value of |D®™® D®®" (g, )| for 2; a7 = 1, since it is a quadratic form,
is equal to the absolute value of that characteristic number u, which is largest
in absolute value, for the equations

AnPP 1 Angd o SN Bt o5 AP
?':‘mz_: Anr® WO VA, pﬁ;‘)g =R "'w/A @k

where { z;} is of finite norm and XY A, p{° = Anr{®. Multiply both sides
by YWD A, p®/ VA, & and sum with respect to . Then multiply both sides
by X WA, p? z,/ An 1§’ and sum with respect to m and «. We may

assume that
(a) a) 2
(sl Yy

— z -
a,m [ VA (a)
and since

Anm g A 1
az.;, = a0 qj(a),z le)\(ﬂ)\/A,_ n ZE(“@)z

it follows that |u|= M2 for all values of n and 7, and hence

D™ (2, 2)|= M ) %,
[

and also 3 3
|P'Q. ARP. (z,2)|= M,
[

and in consequence of (F § 2) the last term of by is limited.
Since B is limited and symmetric, there exist (I §2) characterlstlc linear
forms { L; (2) } corresponding to real characteristic numbers i of the equations

(12) )\i lik = Ej: bkj lij ,

and characteristic linear differential forms { dP® (N; )} limited with
respect to { ¥ } for an interval (@, b), of the equations

) [xape = S b2z
a 7
where A is any subinterval A of (a, 17) . Let
Uik = ZZjﬁjk: O\ = Zﬂm)(x)ﬁjk-
J

Then { I7,~(x)} are characteristic linear forms, corresponding to {;\.- }, of
the equations

(14) NG = Z axj ij
7
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and { dR® (\; z)} are characteristic linear differential forms, for the con-
tinuous spectrum (@, b), of the equations

(15) f NGO (N) = X ay; AFP
A J

where A is any subinterval of (a, 7)) . _ .
Apply (7) and (11) to B (z*, 2*), where a;* = V;(z), 2:* = V;(z) and
we obtain

o 5 dR® (\; z)dR® () ;
(16) A(x,y>=§kaVj(x)Vf(Z>+§I*' ( d%i%m ( z)’

for all sequences { x;} of finite norm, and all sequences { y;} such that

Yi = 2k tix 2 where { 2; } is of finite norm. From this development (16) it

follows that any limited linear form F (x) which is orthogonal to { V;(z)}

and { dR® (\; )} is such that AF (z) = 0, and the theorem is proved.
If the adjoint system of equations

(17 Nilliy = 20 ajp Uy, f)\ dge () = 2 a5 AG;
J A J

where A is any subinterval of (@, b), have characteristic forms { U;(z)}
and { dQ® (A ; )}, then for the same values of A the equations (12) and
(13) have solutions, and { Tﬁi(x)} and { Tdéj(”’) (N; z)} satisfy (14) and
(15).

If

I
s

=27ijﬁjk, g (N\) _Z_(ﬁ) (N) @
7

exist and are the coefficients of limited systems, the forms | U; (z)} and
{ dQ“‘) (N x)} are characteristic forms of (17) corresponding to {N\:} and
(a, b) form a biorthogonal system with { V;(z)} and { dR® (N\;x)}, and
the development (16) becomes

- - (P (8 08
4,9 = SR T + 3 [ B0 05w,

where {z;} and {z;} are any sequences of finite norm, and y; = 2 tix 2x.
Some sufficient conditions that (17) have characteristic forms are: 1),
that the matrix U be limited, which is so in case the values of \ belonging to
the spectrum are > M > 0; 2), that 4 = TK where K is a symmetric
limited matrix; 3), that 4 (x, ) be a completely continuous function
(K§2).
The following example shows that for a limited matrix 4 such that AT is
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symmetric, where T is a positive definite, symmetric, and limited matrix,
the equations (14) and (15) may have characteristic forms while the adjoint
system (17) does not. Let

I’ i 1=k
Uiy = ’_)\i ’L=k—1
1 0 i+ki+hk—1,

where N; = 2 — 1/271. The only solutions of (17) correspond to A;, but
they are not of finite norm. The equations (14) have solutions of finite norm
for A = \; and they form a complete system. In fact, these equations (14)
have solutions of finite norm for |N|< 2. If A\; =1, the equations (17)
have no solutions whatever, and the equations (14) have solutions of finite
norm for | 1 — A| < 1. The solutions are ; = (1 — \)*1L.

Theorems I and II enable us to give the following form to the Theorems
VI and VII.

TueoreM VIII. The necessary and suffictent condition that for a limited
matrix A, there exist real characteristic forms and characteristic linear differential
forms of the equations (5) and (6), such that they form a complete system with
limited linear forms F(x) such that AF; (x) = 0, vs the existence of two matrices
U and V such that U 1s the rear reciprocal of V', the matrix UAV’ is symmetric,
the rows of U are of finite norm, V 1s a limaited matrixz, and the systems {U; (x) }
and {V;(x)} are complete.

Bryn Mawr COLLEGE.




